For any integer s ≥ 2, let µ s be the least integer so that every integer ℓ > µ s is the sum of exactly s integers > 1 which are pairwise relatively prime. In this paper we solve an old problem of Sierpiński by determining all µ s . As a corollary, we show that p 2 + p 3 + · · · + * Corresponding author 2010 Mathematics Subject Classification: 11A41,11A67.
p s+1 − 2 ≤ µ s ≤ p 2 + p 3 + · · · + p s+1 + 1100 and the set of integers s ≥ 2 with µ s = p 2 + p 3 + · · ·+ p s+1 + 1100 has the asymptotic density 1, where p i is the i-th prime.
Introduction
Let s ≥ 2 be an integer. Denote by µ s the least integer so that every integer ℓ > µ s is the sum of exactly s integers > 1 which are pairwise relatively prime. In 1964, Sierpiński [5] asked a determination of µ s . Let p 1 = 2, p 2 = 3, . . . be the sequence of consecutive primes. In 1965, P. Erdős [3] proved that there exists an absolute constant C with µ s ≤ p 2 +p 3 +· · ·+p s+1 +C. It is easy to see that p 2 + p 3 + · · · + p s+1 − 2 is not the sum of exactly s integers > 1 which are pairwise relatively prime. So µ s ≥ p 2 + p 3 + · · · + p s+1 − 2.
Let µ s = p 2 + p 3 + · · · + p s+1 + c s . Then −2 ≤ c s ≤ C. It is easy to see that
Let U be the set of integers of the form 11 − p 2 − p 3 − · · · − p 11 ≤ 1100, where k i (2 ≤ i ≤ 11) are positive integers. U can be given explicitly by Mathematica (one may refer to the Appendix). Let V s be the set of integers of the form
where 2 ≤ j 1 < · · · < j l ≤ s + 1 < i 1 < · · · < i l . It is clear that 0 ∈ U and 0 ∈ V s (l = 0). Define U + V s = {u + v | u ∈ U, v ∈ V s }. Then U + V s is finite.
In this paper the following results are proved. The main results have been announced at ICM2010. Theorem 1. Let s ≥ 2 be any given positive integer. Then 
In particular, the set of integers s ≥ 2 with
has the asymptotic density 1.
We pose a problem here. This conjecture would follow from the following " Every odd integer n ≥ p s−1 +p s +p s+1 +p s+2 can be written as the sum of three prime numbers 
For 2n > min{1100, p s+2 }, if min{1100, p s+2 } < 2n ≤ 1100, then s ≤ 182. By calculation we know that s+1 i=2 p i + 2n can be expressed as the sum of s distinct odd primes. Now we assume that 2n > 1100. If 2n is "large", then we can choose a "large" prime q such that p s+2 + 2n − q > τ ′ s . By the induction hypothesis, p 2 + · · · + p s+1 + (p s+2 + 2n − q) can be expressed as the sum of s distinct integers > 1, which are pairwise relatively prime. Thus p 2 + · · · + p s+1 + p s+2 + 2n can be expressed as the sum of s + 1 distinct integers > 1 which are pairwise relatively prime; if 2n is "small", then by
(1) (we take some
We can easily convert the case p 2 + · · · + p s+1 + p s+2 + 2n + 1 into p 1 + p 2 + · · · + p s+1 + (p s+2 + 2n − 1) and use the induction hypothesis.
Recall that µ ′ s is the least integer, which has the same parity as s, so that every integer ℓ > µ ′ s , which has the same parity as s, can be expressed as the sum of s distinct integers > 1 which are pairwise relatively prime, and τ
The following Theorem 2 is a step in the proof of Theorem 1, and not an independent result. Theorem 2.
Preliminary Lemmas
In this paper, p, q i are all primes. First we introduce the following lemmas. Proof. The proof is by induction on even numbers n. For any sets X, Y of
By Mathematica, we can produce each U i and verify that [1102, 3858] ∩ 2Z ⊆ U 12 and 1100 / ∈ U 12 .
Thus, if n is an even number with 1102 ≤ n ≤ 3858, then n can be represented as
, where t i are positive integers. Now assume that for any even number n with 1102 ≤ n < 2m (2m > 3858), n can be represented as 
Then
By the induction hypothesis, we have
where t i are positive integers. Hence
Now we prove that t u = 1. If this is not true, then t u ≥ 2 and 2m ≥
By p u ≥ 53 and Lemma 1 we have p u+1 ∈ (p u , 3 2 p u ]. Since
we have
By (2), we have 2m can be represented as Suppose that 1100 can be expressed as 
By Mathematica, for 2 ≤ s ≤ 182 we find that [p s+2 , 1100] ∩ 2Z ⊆ H(s).
Thus, for p s+2 < 2n ≤ 1100, Let h s be the largest even number 2n ≤ 1100 such that s+1 i=2 p i +2n cannot be expressed as the sum of s distinct integers > 1 which are pairwise relatively prime. Noting that p s+2 > 1100 for s ≥ 183, by the above arguments we have h s ≤ min{1100, p s+2 } for all s ≥ 2.
We will use induction on s to prove that τ ′ s = h s for all s ≥ 2. For every even number ℓ > 6, we have φ(ℓ) > 2, where φ(ℓ) is the Euler's totient function. Hence there exists an integer n with 2 ≤ n ≤ ℓ − 2 and (n, ℓ) = 1. So (p s+2 + 2t) < q < p s+2 + 2t. Then
by the induction hypothesis, we have
where 1 < n 1 < · · · < n s and (n i , n j ) = 1 for 1 ≤ i, j ≤ s, i = j . By ℓ − q ≡ s (mod 2) and (n i , n j ) = 1 for 1 ≤ i, j ≤ s, i = j, we have 2 ∤ n i for
If q > n s , we are done. Now we assume that q ≤ n s . By ℓ − q = n 1 + · · · + n s , we have
By (3) and
we have 1 3
Noting that τ ′ s ≤ p s+2 , by (4) we have
Since 2n > 1100, by Lemma 2 we have
For i ≥ s + 3, by (5) and (6) we have
Since p s+3 − 1 ≥ p 5 − 1 = 10, we have t i = 1 for all i ≥ s + 3. Hence
Thus we have proved that if ℓ = 
In order to prove Theorem 2, it is enough to prove that τ ′ s / ∈ U + V s and if 2n is an even number with τ ′ s < 2n ≤ min{1100, p s+2 }, then 2n ∈ U + V s . Let 2n be an even number with τ ′ s < 2n ≤ min{1100, p s+2 }. Now we prove that 2n ∈ U + V s . By Lemma 3 and the definition of τ ′ s , we have
Thus l s ≥ 2s + 1 ≥ 5 and p ls ≥ p 5 = 11. Hence 2n = p
a contradiction with 2n ≤ min{1100, p s+2 }. So l 1 ≤ s + 1. Let r be the largest index with l r ≤ s + 1. If r = s, then
If r < s, let {2, 3, . . . , s + 1} = {l 1 , . . . , l r } {j 1 , . . . , j s−r } with j 1 < · · · < j s−r . Hence 2n = (p
For 1 ≤ i ≤ r, if α i ≥ 2, then by (7) and (8) we have
Thus p l i ≤ 31 and l i ≤ 11. Hence (p
For r < i ≤ s, if α i ≥ 2, then
By (7) - (10) we have 2n ∈ U + V s .
In order to prove Theorem 2, it suffices to prove that τ
where β i (2 ≤ i ≤ 11) are positive integers and
where 2 ≤ e 1 < · · · < e m ≤ 11 and
we have e m ≤ s + 1. If w 1 ≤ e m , then 
Proofs of Theorem 1 and Corollary 1
It is easy to see that c 2 = −2 and {0, 2, 4, 6} ∈ V 2 . Thus, by 0 ∈ U, all even numbers 2n with −2 < 2n ≤ min{1100, p 2+2 } are in U + V 2 . So Theorem 1 is true for s = 2.
Now we assume that s > 2.
In order to prove Theorem 1, by Theorem 2 it is enough to prove that for any odd number 2k + 1 > τ ′ s , p 2 + · · · + p s+1 + 2k + 1 can be expressed as the sum of s distinct integers > 1 which are pairwise relatively prime.
Now we assume that k ≥ 1. By Theorem 2 we have p s+1 + 2k − 1 > τ ′ s−1 . Hence
where 1 < n 1 < · · · < n s−1 and (n i , n j ) = 1 for 1 ≤ i, j ≤ s − 1, i = j.
By p 2 + · · · + p s + (p s+1 + 2k − 1) ≡ s − 1 (mod 2) and (n i , n j ) = 1 for 1 ≤ i, j ≤ s − 1, i = j, we have 2 ∤ n i for 1 ≤ i ≤ s − 1. Thus p 2 + · · · + p s + (p s+1 + 2k + 1) = 2 + n 1 + · · · + n s−1 is the required form.
This completes the proof of Theorem 1.
Proof of Corollary 1. Suppose that p s+2 − p s+1 > 1100. Then V s = {0}.
Since 1100 / ∈ U, we have 1100 / ∈ U + V s . By Theorem 1 we have c s = 1100.
This completes the proof of the first part of Corollary 1.
The second part now follows from the fact that the number of primes p ≤ x, such that p + k is prime, is bounded above by c
, where c depends only on k ( Brun [1] , Sándor, Mitrinović and Crstici [4, p.238], Wang [6] ).
This completes the proof of the second part of Corollary 1.
Final Remarks
Let A = ([2, 1100] ∩ 2N) \ U and for t < s, let V s (t) = {p s+2+i − p s+1−j | 0 ≤ i, j ≤ t} 
